Local Lie groups and local top spaces  by Ebrahimi, N.
Journal of the Egyptian Mathematical Society (2016) 24, 20–24Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsORIGINAL ARTICLELocal Lie groups and local top spacesE-mail address: n_ebrahimi@mail.uk.ac.ir
Peer review under responsibility of Egyptian Mathematical Society.
Production and hosting by Elsevier
http://dx.doi.org/10.1016/j.joems.2014.12.004
1110-256X ª 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.N. EbrahimiDepartment of Mathematics, Shahid Bahonar University of Kerman, Kerman, IranReceived 26 February 2014; revised 9 August 2014; accepted 23 December 2014
Available online 30 January 2015KEYWORDS
Lie group;
Local Lie group;
Top spaceAbstract In this paper a generalization of local Lie groups, using the concept of top spaces, is
given and some theorems about the relation between this generalization and local Lie groups are
provided.
2010 MATHEMATICS SUBJECT CLASSIFICATION: 22E05; 22E15; 22E99; 22A05; 55M10
ª 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.1. Local Lie group
The concept of Lie group was local at ﬁrst. Local Lie groups
deﬁned as open subsets of Euclidean spaces and the group
multiplication and inversion operators only being deﬁned for
elements sufﬁciently near the identity. Lie groups, in the way
that we know today, are formed when the deﬁnition of mani-
fold constructed. In this paper we generalize the concept of
local Lie group, using top spaces.
The notion of generalized group was introduced by
Molaei when working on constructing a geometric uniﬁed
theory by using Santilli’s iso theory, which is applied in
mathematical physics. After that he introduced top spaces
as a generalization of Lie groups by using generalized
group. Let us recall the deﬁnition of generalized group and
top space.Deﬁnition 1.1 [1]. A generalized group is a non-empty set G
admitting an operation called multiplication, subject to the set
of rules given below:
 ðxyÞz ¼ xðyzÞ, for all x; y; z 2 G;
 For each x in G there exists a unique z in G such that
xz ¼ zx ¼ x (we denote z by eðxÞÞ;
 For each x 2 T there exists y 2 T such that xy ¼ yx ¼ eðxÞ
(we denote y by x1).We recall that T is a topological generalized group if:
 T is a generalized group.
 T is a hausdorff topological space.
 The mappings, m1 : T ! T ; m1ðxÞ ¼ x1 and
m2 : T T ! T ; m2ðx; yÞ ¼ xy are continuous maps.Deﬁnition 1.2 [2]. A topological generalized group ðT; Þ is
called a top space if:
 T is a smooth manifold.
 The mapping m1 : T ! T is deﬁned by m1ðxÞ ¼ x1 and the
mapping m2 : T  T ! T is deﬁned by m2ðx; yÞ ¼ xy are
smooth maps.
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eðxÞeðyÞ for all x; y 2 T.
Suppose that a group G and two sets K and I are given. If
p : I K! G is a mapping, then K G I with the product
ðk; g; iÞðk1; g1; i1Þ ¼ ðk; gpði; k1Þg1; i1Þ is a generalized group,
which is called Rees matrix semigroup denoted by
MðG; I;K; pÞ [2].
Theorem 1.1 [2]. If I and K are smooth manifolds, G is a Lie
group and p : I K! G is a smooth map, then MðG; I;K; pÞ is a
top space.
It is also proved in [3] that every top space with ﬁnite num-
ber of identities is diffeomorphic with MðG; I;K; pÞ, for some
Lie group G and two ﬁnite subsets I and K. See [2–8] for more
information about top spaces.
In the remaining of this section we recall the concept of
local Lie groups and some basic deﬁnitions that we need in
the next section. While the deﬁnition of a global Lie group is
standard, the precise deﬁnition of a local Lie group varies from
author to author. The following one is from [9].
Deﬁnition 1.3 [9]. A smooth manifold L is called a local Lie
group if there exists
 a distinguished element e 2 L, the identity element,
 a smooth product map l : U ! L deﬁned on an open subset
ðfeg  LÞ [ ðL fegÞ  U  ðL LÞ,
 a smooth inversion map i : V ! L deﬁned on an open sub-
set e 2 V  L such that V  iðV Þ  U , and iðV Þ  V  U ,
all satisfying the following properties:
(i) Identity: lðe; xÞ ¼ x ¼ lðx; eÞ for all x 2 L.
(ii) Inverse: lðiðxÞ; xÞ ¼ lðx; iðxÞÞ ¼ e for all x 2 V .
(iii) Associativity: If ðx; yÞ; ðy; zÞ; ðlðx; yÞ; zÞ and ðx; lðy; zÞÞ all
belongs to U, then
lðlðx; yÞ; zÞ ¼ lðx; lðy; zÞÞ:Example 1.1 [9]. The most basic example of a local Lie group
is provided by any neighborhood e 2 N  G of the identity ele-
ment in a global Lie group. Indeed we set U to be any open
subset of NN such that ðfeg NÞ [ ðN fegÞ  U 
ðNNÞ \ l1ðNÞ, and V to be any open subset of N such that
feg  V  N \ i1ðNÞ, and ðV iðVÞÞ [ ðiðVÞ  VÞ  U. The
group multiplication l and inversion i on G then restricted
to deﬁne local group multiplication and inversion maps on N.
One can deﬁne the right and left multiplication by
lxðyÞ ¼ lðx; yÞ; rxðyÞ ¼ lðy; xÞ:Deﬁnition 1.4 [9]. Let ðL; l;U; i;VÞ and ð eL; el; eU; ei; eVÞ be
local Lie groups. A smooth map u : L! eL is called a local
group homomorphism if
 u uðUÞ  eU ; uðV Þ  eV ; uðeÞ ¼ e,
 uðlðg; hÞÞ ¼ elðuðgÞ;uðhÞÞ for ðg; hÞ 2 U ,
 uðiðgÞÞ ¼ eiðuðgÞÞ for g 2 V .
A local group homomorphism is called a homeomorphism
if it is one-to-one and onto with smooth inverse.Deﬁnition 1.5 [9]. A local group is
 associative with order n if, for every 3 6 m 6 n, and every
ordered m-tuple of group elements ðx1; x2; . . . ; xmÞ 2 Lm,
all corresponding well deﬁned m-fold products are equal.
A local group is called globally associative if it is associative
with every order nP 3.
 globalizable if there exists a local group homeomorphism
U : L ! N mapping L on to a neighborhood e 2 N  G of
the identity of a global Lie group G.
 globally inversional if the inversion map i is deﬁned every-
where, so that V ¼ L.
 regular if, for each x 2 L, the maps lx and rx are diffeomor-
phisms on their respective domains of deﬁnition.Theorem 1.2 [9]. Every inversional local Lie group is regular.
Theorem 1.3 [9]. A local Lie group L is globalizable if and only
if it is globally associative.2. Local top spaces
In this section we use top space to generalize the concept of
local Lie group.
Deﬁnition 2.1. A smooth manifoldH is called a local top space
if there exists a set eðHÞ  H , the identity elements,
 a smooth product map l : U ! H deﬁned on an open
subset ðeðHÞ  HÞ [ ðH  eðHÞÞ  U  ðH  HÞ,
 a smooth inversion map i : V ! H deﬁned on an open
subset eðHÞ  V  H such that V  iðV Þ  U , and
iðV Þ  V  U ,
all satisfying the following properties:(i) Identity: For each x 2 H there is a unique element eðxÞ
such that lðeðxÞ; xÞ ¼ x ¼ lðx; eðxÞÞ.
(ii) Inverse: lðiðxÞ; xÞ ¼ lðx; iðxÞÞ ¼ eðxÞ for all x 2 V .
(iii) Associativity: If ðx; yÞ; ðy; zÞ; ðlðx; yÞ; zÞ and ðx; lðy; zÞÞ all
belongs to U, thenlðlðx; yÞ; zÞ ¼ lðx; lðy; zÞÞ;
(iv) lðeðxÞ; eðyÞÞ ¼ eðlðx; yÞÞ, for each x; y 2 H .
(v) e : H ! H is a smooth map.
One can use the symbol ðH; l;U; i;VÞ for a local top space
H with the functions l; i;U and V as the above deﬁnition.Remark 2.1
(1) Using (i), (iii) and (iv) in the above deﬁnition, we have
lðx; lðeðxÞ; eðxÞÞÞ ¼ lðlðx; eðxÞÞ; eðxÞÞ ¼ lðx; eðxÞÞ ¼ x:
Hence uniqueness of the identity element implies that
lðeðxÞ; eðxÞÞ ¼ eðxÞ and consequently eðeðxÞÞ ¼ eðxÞ,
for every x 2 H.
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eðxÞÞÞ ¼ lðlðeðxÞ; eðyÞÞ; eðxÞÞ.
Using (i) and (iv) in Deﬁnition 2.1 implies that
lðlðeðxÞ; eðyÞÞ; eðxÞÞ ¼ eðxÞ.
(3) eðiðxÞÞ ¼ eðlðiðxÞ; lðx; iðxÞÞÞÞ ¼ lðeðiðxÞÞ; eðxÞÞ ¼
eðlðiðxÞÞ; xÞÞ ¼ eðeðxÞÞ ¼ eðxÞ. Hence eðiðxÞÞ ¼ eðxÞ.Lemma 2.1. Let H be a local top space with ﬁnite number of
identities then e1ðeðxÞÞ is both open and closed.
Proof. The proof is a direct consequence of (v) in Deﬁnition
2.1. h
Lemma 2.2. Let ðH; l;U; i;VÞ be a local top space with ﬁnite
number of identities, eðHÞ ¼ fe1; e2; . . . ; eng. Then e1ðeiÞ is a
local Lie group, for i 2 f1; 2; . . . ; ng.
Proof. Let Ui ¼ e1ðeiÞ  e1ðeiÞ \U and Vi ¼ V \ e1ðeiÞ. By
restriction of the multiplication and inversion operator onH, it
is easy to check that e1ðeiÞ is a local Lie group, for
i ¼ f1; 2; . . . ; ng. h
Example 2.1. Let H#T be a neighborhood of eðTÞ in the
normal top space T and U be any open subset of HH such
that ðeðTÞ HÞ [ ðH eðTÞÞ  U  ðHHÞ \ l1ðHÞ. In
addition let V be any open subset of H such that
eðTÞ  V  H \ i1ðHÞ, and ðV iðVÞÞ [ ðiðVÞ  VÞ  U. The
group multiplication l and inversion i on T then restricted to
deﬁne local top space multiplication and inversion maps on H.
Example 2.2. Suppose that k and I are ﬁnite sets and G is a Lie
group. Let p : I K! G be deﬁned by p ¼ e and
ðN#G; l;U; i;VÞ be a local Lie group (see Example 1.1).
KN I#MðG; I;K; pÞ is a local top space by choosing
eU ¼ fðK; u1; IÞ  ðK; u2; IÞ : ðu1; u2Þ 2 Ug and eV ¼ K V I.
Deﬁnition 2.2. Let ðH; l;U; i;VÞ and ð eH; el; eU; ei; eVÞ be local
top spaces. A smooth map u : H ! eH is called a local top
space homomorphism if
 u uðUÞ  eU ; uðV Þ  eV ; uðeðtÞÞ ¼ eðuðtÞÞ,
 uðlðg; hÞÞ ¼ elðuðgÞ;uðhÞÞ for ðg; hÞ 2 U ,
 uðiðgÞÞ ¼ eiðuðgÞÞ for g 2 V .
A local top space homomorphism is called a local top space
homeomorphism if it is one-to-one and onto with smooth
inverse.
Lemma 2.3. Let u : H ! eH be a local top space homomorphism
between two local top spaces with ﬁnite number of identities.
Then uje1ðeðxÞÞ : e1ðeðxÞÞ ! e1ðeðuðxÞÞÞ is a local Lie group
homomorphism, for every x 2 H.
Lemma 2.4. Let H be a local top space with ﬁnite number of
identities, eðHÞ ¼ fe1; e2; . . . ; eng. Then e1ðeiÞ is diffeomorphic
with e1ðejÞ, for i; j 2 f1; 2; . . . ; ng.
Proof. Let the map uij : e
1ðeiÞ ! e1ðejÞ be deﬁned by
uijðsÞ ¼ lðlðej; sÞ; ejÞ, for s 2 e1ðeiÞ. If uijðs1Þ ¼ uijðs2Þ then
we have:lðlðej; lðlðej; s1Þ; ejÞÞ; ejÞ ¼ lðlðej; lðlðej; s2Þ; ejÞÞ; ejÞ;
lðei;lðlðej;lðlðej; s1Þ;ejÞÞ;ejÞÞ ¼ lðei;lðlðej;lðlðej; s2Þ;ejÞÞ;ejÞÞ;lðlðei; lðlðej; lðlðej; s1Þ; ejÞÞ; ejÞÞ; eiÞ
¼ lððlðlðej; lðlðej; s2Þ; ejÞÞ; ejÞÞ; eiÞ:
Since lðei; s1Þ ¼ s1 and lðei; s2Þ ¼ s2, we have:
lðlðei; lðlðej; lðlðej; lðei; s1ÞÞ; ejÞÞ; ejÞÞ; eiÞ
¼ lððlðlðej; lðlðej; lðei; s2ÞÞ; ejÞÞ; ejÞÞ; eiÞ:
Using associativity, we have:
lðlðlðlðlðei; lðej; eiÞÞ; s1Þ; ejÞ; ejÞ; eiÞ
¼ lðlðlðlðlðei; lðej; eiÞÞ; s2Þ; eiÞ; ejÞ; eiÞ:
Now since by using Remark 2.1 we have
lðlððei; lðej; eiÞÞ; s2Þ ¼ s2; lðlððei; lðej; eiÞÞ; s1Þ ¼ s1;
lðlðlðs1; ejÞ; ejÞ; eiÞ ¼ lðlðlðs2; ejÞ; ejÞ; eiÞ:
Remark 2.1 implies that:
lðlðlðlðs1; eiÞ; ejÞ; ejÞ; eiÞ ¼ lðlðlðlðs2; eiÞ; ejÞ; ejÞ; eiÞ;
lðs1; lðlðei; ejÞ; eiÞÞ ¼ lðs2; lðlðei; ejÞ; eiÞÞ;
and consequently s1 ¼ s2. This implies that uij is one to one.
Since u1ij ¼ uji and uij is smooth, it is a diffeomorphism. h
Theorem 2.1. Let ðH; l;U; i;VÞ be a local top space with ﬁnite
number of identities, eðHÞ ¼ fe1; e2; . . . ; eng. If ðu1; u2Þ 2 U
implies that
ðlðeðHÞ; lðu1; eðHÞÞÞ; lðeðHÞ; lðu2; eðHÞÞÞ 2 U; ð1Þ
and v 2 V implies that
lðlðeðHÞ;VÞ; eðHÞÞ 2 V; ð2Þ
then e1ðeiÞ is homeomorphic with e1ðejÞ, for i; j 2 f1; 2; . . . ; ng.
Proof. Based on (1) and (2), we have uij  uijðUiÞ  Uj and
uijðViÞ#Vj. In addition uijðeiÞ ¼ ej.
uijðghÞ ¼ lðej; lðlðg; hÞ; ejÞÞ ¼ lðej; lðg; lðh; ejÞÞÞ
¼ lðej; lðlðg; lðlðei; ejÞ; eiÞÞÞ; lðh; ejÞÞÞ
since eðgÞ ¼ ei and lðei; lðej; eiÞÞ ¼ ei. In addition we have
lðej; ejÞ ¼ ej. Hence:
lðej; lðlðg; lðlðei; lðej; ejÞÞ; eiÞÞÞ; lðh; ejÞÞÞ:
Consequently, associativity and the assumption imply that:
lðlðlðej; gÞ; ejÞ; lðlðej; hÞ; ejÞÞ ¼ lðuijðgÞ;uijðhÞÞ;
and the second condition is satisﬁed.
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iðlðej; lðg; ejÞÞÞ ¼ lðej; lðiðgÞ; ejÞÞ since
lðlðej; lðiðgÞ; ejÞÞ; lðej; lðg; ejÞÞÞ
¼ lðlðej; lðlðiðgÞ; eiÞ; ejÞÞ; lðej; lðlðei; gÞ; ejÞÞÞ
¼ lðlðej; lðiðgÞ; lðei; ejÞÞ; lðlðej; lðei; lðg; ejÞÞ
¼ lðej; lðei; ejÞÞ ¼ ej:
In a similar way one can prove that lðlðej; lðg; ejÞÞ;
lðej; lðiðgÞ; ejÞÞÞ ¼ ej. Consequently, the third condition is sat-
isﬁed and uij is a homeomorphism. h
Deﬁnition 2.3. Let H be a local top space and L be a local Lie
group. An onto local homomorphism u : H ! L is a local cov-
ering map if:
(i) e1ðeðxÞÞ is a local Lie group, for every x 2 H .
(ii) uje1ðeðxÞÞ is anonto local Lie group homeomorphism, for
every x 2 H .
Deﬁnition 2.4. A local top space H is globalizable if there
exists a homeomorphism u : H ! N mapping H on to a neigh-
borhood eðTÞ  N  T of a normal top space T.
Lemma 2.5. let ðH; lH;U; iH;VÞ be a local top space with ﬁnite
number of identities, satisfying (1) and (2). The Local top space
H is globalizable if and only if there is a local covering map
u0 : H ! ðM; l;UM; i;VMÞ, where M is a neighborhood of the
identity element of a Lie group G.
Proof. Let H be a globalizable local top space and the map
u : H ! N be as in Deﬁnition 2.4. Let fe1; e2; . . . ; eng be the
set of identity elements of H. Since u is a homeomorphism,
cardðeðHÞÞ ¼ cardðeðTÞÞ. Let fe01; e02; . . . ; e0ng be the set of iden-
tity elements of T. We set M ¼ e1ðe01Þ  N. Using Theorem
2.1, ui1je1ðe0
i
Þ : e
1ðe0iÞ ! e1ðe01Þ is a homeomorphism. Now
we deﬁne u0ðyÞ ¼ ui1ðuðyÞÞ, where eðuðyÞÞ ¼ e0i.
Let eðuðy1ÞÞ ¼ e0l; eðuðy2ÞÞ ¼ e0ðkÞ. Then lðe0l; e0kÞ ¼
eðlðuðy1Þ;uðy2ÞÞÞ. We have:
lðlðe0l; e0kÞ; lðlðe0l; e01Þ; e0kÞÞ ¼ lðlðlðe0l; e0kÞ; e0lÞ; lðe01; e0kÞÞ
¼ lðlðe0l; e01Þ; e0kÞ:
In a similar way one can prove that lðlðlðe0l; e01Þ; ek
imeÞ; lðe0l; e0kÞÞ ¼ lðlðe0l; e01Þ; e0kÞ and, consequently lðe0l; e0kÞ ¼
lðlðe0l; e01Þ; e0kÞ.
u0ðlHðy1; y2ÞÞ ¼ ui1ðuðlHðy1; y2ÞÞÞ
¼ lðlðe01;uðlHðy1; y2ÞÞÞ; e01Þ
¼ lðlðe01; lðuðy1Þ;uðy2ÞÞÞ; e01Þ
¼ lðlðe01; lðlðuðy1Þ; e0lÞÞÞ; lðlðe0k;uðy2ÞÞ; e01ÞÞ
¼ lðlðe01; lðlðuðy1Þ; e0lÞÞÞ; lðlðe0k;uðy2ÞÞ; e01ÞÞ
¼ lðlðlðe01;uðy1ÞÞ; lðe0l; e0kÞÞ; lðuðy2; e01ÞÞÞ
¼ lðlðlðe01;uðy1ÞÞ; lðlðe0l; e01Þ; e0kÞÞ; lðuðy2; e01ÞÞÞ
¼ lðlðlðe01;uðy1ÞÞ; e01Þ; lðe01; lðuðy2Þ; e01ÞÞ
¼ lðu0ðy1Þ;u0ðy2ÞÞsince lðe01; e01Þ ¼ e01.
Conversely suppose that there is a local covering map
u0 : H ! ðM; l;UM; i;VMÞ, where M is a neighborhood of the
identity element of a Lie group G. Then one can deﬁne a top
space T by T ¼ [ni¼1Gi, where Gi ¼ ðG; iÞ is a Lie group with
the product ðg1; iÞðg2; iÞ ¼ ðg1g2; iÞ. It is trivial that Gi is
diffeomorphic with G. We deﬁne a product on T by
ðg1; iÞðg2; jÞ ¼ ðg1g2; kÞ if lHðei; ejÞ ¼ ek in H. Let Mi ¼
ðM; iÞ. ðM0 ¼ [Mi; l;UM0 ; i;VM0Þ with UM0 ¼ fððu1; iÞ;
ðu2; jÞÞ : 1 6 i; j 6 n : ðu1; u2Þ 2 UMg and VM0 ¼ fðv; iÞ : 1 6
i 6 n : v 2 VMg is a local top space. The map
u : H ! [Mi;uðhÞ ¼ ðu0ðhÞ; jÞ, where eðhÞ ¼ ej, is a local
homeomorphism. h
Deﬁnition 2.5. A local top space H is called globally
inversional if the inversion map i is deﬁned everywhere, so that
V ¼ H.
Lemma 2.6. If H is a globally inversional local top space with
ﬁnite number of identities then e1ðeðxÞÞ is a globally inversional
local Lie group, for every x 2 H.
Deﬁnition 2.6. A local top space H is regular if e1ðeðxÞÞ is a
regular local Lie group, for every x 2 H.
Lemma 2.7. Let H be an inversional local top space with ﬁnite
number of identities then it is regular.
Proof. The proof is trivial from Theorem 1.2 and Deﬁnition
2.6. h
Corollary 2.1. Let H be a globalizable local top space with ﬁnite
number of identities then e1ðeðxÞÞ, for every x 2 H, is a global-
izable local Lie group.
Theorem 2.2. The local top space ðH; lH;U; iH;VÞ with ﬁnite
number of identities, satisfying (1) and (2), is globalizable if
and only if it is globally associative.
Proof. IfH is globalizable then it is globally associative since it
is homeomorphic with an associative local top space. Con-
versely, if it is globally associative then e1ðeiÞ is associative
and consequently it is globalizable. Since it is globalizable, there
is a neighborhood, N, of the identity element of a Lie group G
and a map u0 : e
1ðeiÞ ! ðN; l;UN; i;VNÞ. Now since e1ðeiÞ is
homeomorphic with e1ðejÞ, one can deﬁne a covering map
from H to N by uðhÞ ¼ u0ðujiðhÞÞ, where eðhÞ ¼ ej. Using
Lemma 2.2, e1ðeiÞ is a local Lie group. In addition
ujðe1ðeiÞÞ is local homeomorphism, since uij and u0 are local
homeomorphisms.
uuðu1;u2Þ¼ ðu0ðujiðu1ÞÞ;u0ðukiðu2ÞÞÞ
¼ ðu0ðlHðlHðei;u1Þ;eiÞÞ;u0ðlHðlHðei;u2Þ;eiÞÞÞ#UN:
Let eðtÞ ¼ ej.
u0ðujiðeðtÞÞÞ ¼ u0ðlHðlHðei; eðtÞÞ; eiÞÞ
¼ lðlðu0ðeiÞ;u0ðeðtÞÞÞ;u0ðeiÞÞ
¼ lðlðeðu0ðeiÞÞ; eðu0ðtÞÞ; eðu0ðeiÞÞÞ
¼ eðu0ðlHðlHððei; tÞ; eiÞÞÞÞ ¼ eðuðtÞÞ:
24 N. EbrahimiIf eðhÞ ¼ ek; eðsÞ ¼ el and lðek; elÞ ¼ ej then
uðlðh; sÞÞ ¼ u0ðujiðlHðh; sÞÞÞ ¼ u0ðlHðujiðhÞ;ujiðsÞÞÞ
¼ lðuðhÞ;uðsÞÞ:
In addition we have uðiHðvÞÞ ¼ iðuðvÞÞ, which completes the
proof. hAcknowledgment
The author gratefully acknowledges the comments by the
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